It is well known that every polyhedral map with large enough number of vertices contains a vertex of degree at most 6. In this paper the existence of stars having low degree sum of their vertices in polyhedral maps is investigated. We will prove: if G is a polyhedral map on compact 2-manifold M with non-positive Euler characteristic (M) and G has more than 149| (M)| vertices then G contains an edge of weight at most 15, or a path of weight at most 20 on three vertices with a central 4-vertex, or a 3-star of weight at most 24 with a central 5-vertex, or a 4-star of weight at most 32 with a central 6-vertex.
Introduction
An orientable compact 2-manifold or orientable surface S g (see [10] ) of genus g is obtained from the sphere by adding g handles. Correspondingly, a non-orientable compact 2-manifold N q of genus q is obtained from the sphere by adding q crosscaps. The Euler characteristic is defined by If G is a 2-cell embedding of a graph in a surface M and each vertex has degree at least three then G is called a map on M. If, in addition, G is 3-connected, the embedding has representativity at least three, and each face has degree at least three, then G is called a polyhedral map. A polyhedral map G is called a triangulation (a quadrangulation) if each face is a 3-face (a 4-face). Let us recall that the representativity rep(G, M) (or face width) of a (2-cell) embedded graph G into a surface M is equal to the smallest number k such that M contains a non-contractible closed curve which intersects the graph G in k points (see e.g. [11] ).
We say that H is a subgraph of a polyhedral map G if H is a subgraph of the underlying graph of the map G. If H is the subgraph of G then the weight of subgraph H in G is the sum of degrees of vertices of H in G, namely
w G (H ) = u∈V (H ) deg G (u).
A graph H is said to be light in a class of graphs G if there exists a finite constant w(H, G) such that every graph G ∈ G containing subgraph isomorphic with H contains also the subgraph KH such that w G 
(K) w(H G).
For a map G let V (G), E(G) and F (G) be the vertex set, the edge set and the face set of G, respectively. For a 2-cell embedding in a surface M of Euler characteristic (M) it holds:
|V (G)| − |E(G)| + |F (G)| = (M).
We will write shortly Euler characteristic of a surface M instead of (M) throughout this paper. In 1955 Kotzig [7] proved that every 3-connected planar graph contains an (a, b)-edge with a + b 13 and a + b 11 in the absence of 3-vertices, respectively. These bounds are best possible. This result was further extended in various directions and used in deriving many properties of 3-connected planar graphs and of graphs embedded in surfaces of higher genus; see e.g. Grünbaum and Shepard [1] , Ivančo [3] , Mohar [9] and Zaks [13] .
Lebesgue [8] proved that every graph G of minimum degree 5 contains a star K 1, 3 such that its central vertex has, in G, degree at most 5 and its every leaf has degree at most 8. Jendrol' and Madaras [4] Jendrol' and Voss [5] showed the existence of light subgraphs of large polyhedral maps on surfaces M of 0 with minimum vertex degree 5. They proved that in the class of large polyhedral maps with minimum vertex degree 5 there exist light stars K 1,n , n 4, in the map G; in particular, w G (P 2 ) = 12, w G (P 3 ) = 18, w G (K 1,3 ) = 24, w G (K 1,4 ) = 32, respectively, where G is a polyhedral map. 
The proof of upper bounds
The proof is by contradiction. Let G be a counterexample to Theorem 2 on n vertices. This means that G is a polyhedral map containing no subgraphs described in Theorem 2. Let G have the largest possible number of edges among all counterexamples on n vertices.
Let u be a k-vertex and let v 1 , v 2 , . . . , v k be neighbours of u considered in a cyclic order. For the purposes of this proof let the neighbour-sequence of u be the sequence
For 4 a i 5, we will call the vertex v i to be weak (semi-weak, strong) neighbour of u if both (one, none) of the vertices v i−1 , v i+1 is of degree at most 5, respectively. A vertex v i with 4 a i 5 is called quasi-weak (or quasisemi-weak or quasi-strong) neighbour of a vertex u if a i−1 = 5, a i+1 = 6 (or a i−1 = a i+1 = 6 or a i−1 = 6, a i+1 7), respectively.
Claim 3. G is a triangulation.
Proof. Let G contain a face of degree r 4. Let u, v, w and x be consecutive vertices incident with and let v be a vertex of minimum degree among all vertices incident with . Then there exist no edges uw and vx because G is the polyhedral map.
(a) Let v be a 3-vertex. Then u and w are 13-vertices. We insert the edge uw into . The resulting map G + uw is the counterexample.
(b) Let v be a 4-vertex. At least one of u, w is a 11-vertex, or one, say u, is a 6-vertex and w a 10-vertex, or u is a 7-vertex and w a 9-vertex. We can insert the edge uw and G + uw remains the counterexample. (c) Let v be a 5-vertex. Then u and w have degrees at least 5. We insert the edge uw into . If one of u, w has degree 5 and the next one degree at most 6 in G then after inserting the edge uw the vertices u andw become 6-vertex and 7-vertex, respectively. The remaining three neighbours of v are 9-vertices. If one of u, w is a 7-vertex or both vertices u, w are 6-vertices then after inserting the edge uw it becomes a 8-vertex or both become 7-vertices, respectively. Then the vertex v is not any central vertex of a star from Theorem 2. (d) Let v be a 6-vertex. We add into the edge uw. The vertices u and w have now degrees at least 7 and v is not any central vertex of the star mentioned in Theorem 2. Therefore the map G + uw is the counterexample to our theorem.
In each of these cases we can insert a new edge e such that resulting map G + e will be counterexample but with more edges, a contradiction.
For polyhedral maps with Euler characteristic 0 Euler formula gives:
In the following we use the Discharging method. 
Claim 4. After applying Rules R1-R7 for every vertex v of G the new charge h(v) is at least
Proof. We distinguish several cases. . If v has a 20-neighbour w then v receives from w the charge greater than from any 9-neighbour. 3. Let v be a 5-vertex. Then the vertex v has one of the following neighbour-sequences: [5, 6, 9, 9, 9] , [5, 9, 6, 9, 9] , [5, 7, 8, 8, 8] , [5, 8, 7, 8, 8] , [6, 6, 8, 8, 8] , [6, 8, 6, 8, 8] , [ 6, 7, 7, 7, 7] , [4, 11, 4, 11, 11] , [4, 11, 5, 5, 11] . 3.1. Let v have neighbour-sequence [5, 9, 6, 9, 9] . The vertex v receives, by R2(a), the charge 3 10 and, by R2(b), the charge 2 × 3.4. Let the neighbour-sequence of v be [ 6, 7, 7, 7, 7] . Then the vertex v receives, by R3, the charge 4 × 
In what follows we assign to each face the charge h( ) = c( ). In this way the function h is defined on both vertices and faces. These charges will be locally redistributed to new charges h (v) of vertices and h ( ) of faces of G by the following rule. Rule R8: If v is a k-vertex then it sends to each of its k incident faces the charge h(v)/k.

Claim 5. After applying Rule R8 we get new charges h (v) and h ( ):
Proof. Let be a face of the triangulation G. We denote the three different vertices of by u, v and w such that
If the face is incident with a k-vertex, where k 8, k / ∈ {11, 12, 13}, then h ( ) > 1 50 because each k-vertex sends to the charge greater than 1 50 . If we consider a k-vertex w, for k ∈ {12, 13}, then w sends to each incident face the charge greater than any 11-vertex, particularly, w sends to each incident face the charge at least Assuming n > 149| |, using (1) and Claim 5 we get
This completes the proof of Theorem 2.
Quality of the bounds in Theorem 2
In this section we construct some infinite families of polyhedral maps showing that in some cases there is no room to improve the bounds established in Theorem 2. In the first part of this section we present the polyhedral maps on the surfaces of Euler characteristic 0 with arbitrarily large number of vertices. In the second part we construct the polyhedral maps on the surfaces with < 0 from maps on the torus and the Klein bottle by placing g − 1 handles into torus and q − 2 crosscaps into Klein bottle.
Polyhedral maps on torus and Klein bottle
Let s, t 3 be integers and P s+1 × P t+1 be the Cartesian product of two paths of length s and t, respectively, with
Identifying opposite sides of the quadrangle results in a toroidal quadrangulation R s,t , and reversing the side (s, 0), (s, 1) , . . . , (s, t) of this quadrangle and then identifying opposite sides of the rectangle results in a quadrangulation Q s,t .
1. It is well known (see e.g. [12] ) that there is a 6-regular triangulation P 1 of the orientable surface S 1 and a 6-regular triangulation P 2 of the non-orientable surface N 2 with arbitrarily large number of vertices. These triangulations P 1 and P 2 show that there exist polyhedral maps on the torus and on the Klein bottle with (6; 6, 6, 6, 6)-star.
If into every face of P 1 and of P 2 a new vertex u is inserted and joined with every vertex incident with then the result are new triangulations P 1 , P 2 having only (3, 12)-edges and (12, 12)-edges.
2. We are going to construct a triangulation T of Euler characteristic 0 with arbitrarily large number of vertices satisfying the following property: the only (4, 4, 10)-paths are in T among all subgraphs mentioned in Theorem 2. Consider the 4-regular quadrangulations R s,s of the torus and Q s,s of the Klein bottle, for s 3. Into the 4-face the diagonal e = (i, j )(i + 1, j + 1), for 0 i, j s − 1, is added. Into each diagonal e two vertices u, v are inserted and each one is joined with the vertices of not incident with e (see Fig. 1 ).
Adding this structure into every face of R s,s and Q s,s the toroidal triangulation T 1 and the triangulation T 2 of the Klein bottle, respectively, are obtained. The maps T 1 , T 2 contain only the (4, 4, 10)-paths and no other subgraph mentioned in Theorem 2 (Fig. 2) .
3. In this case we are going to construct a triangulation T of the torus and Klein bottle with arbitrarily large number of vertices which contains only (5, 4, 9)-paths as subgraph mentioned in Theorem 2. Let T 1 be the triangulation of the torus obtained from the quadrangulation R 2k,2k and let T 2 be the triangulation of the Klein bottle obtained from quadrangulation Q 2k+1,2k in a way as above, for k 2. From triangulations T 1 , T 2 the edge set E = {(2i + 1, 2j) (2i + 1, 2j + 1)|0 i m, 0 j k − 1} ∪ {(2i, 2j + 1)(2i, 2j + 2)|0 i k, 0 j k − 1} is deleted, where m = k − 1 for the triangulation T 1 and m = k for T 2 . After deleting the edge e ∈ E we add into the obtained 4-face a new edge joining the vertices of not incident with the deleted edge e. The result is a new toroidal triangulation T 1 and a triangulation T 2 of the Klein bottle containing only (5, 4, 9) -paths among all subgraphs described in Theorem 2 (Fig. 3) .
4. We insert the plane triangulation G containing (6, 4, 8) -paths into every face of a 6-regular triangulation of the torus and Klein bottle. For convenience of the reader we first briefly describe the construction of the plane triangulation G presented in [2] . Take a graph of 8-sided prisma with two 8-faces and incident with vertices u 1 , u 2 , . . . , u 8 To construct an extremal map on the torus or on the Klein bottle we start with 6-regular triangulations T 1 , T 2 of the torus and Klein bottle, respectively. Into each 3-face of T 1 and T 2 the plane graph G is inserted in such a way that the vertices of are identified with the vertices of outer face of G and the edges incident with the face are identified with the edges incident with the outer face of G. The result is a new triangulation T 1 of the torus and a triangulation T 2 of the Klein bottle. The "old" vertices of T 1 , T 2 have in T 1 , T 2 degrees at least 12. Thus, the triangulations T 1 and T 2 of the torus and the Klein bottle, respectively, contain just the (6, 4, 8)-paths among all subgraphs described in Theorem 2. 5. We construct a triangulation T of Euler characteristic 0 with arbitrarily large number of vertices satisfying the following property: the only (7, 4, 7)-paths are in T among all subgraphs mentioned in Theorem 2. Let R 2s,t and Q 2s,t be the 4-regular quadrangulations of the torus and the Klein bottle, respectively. Into each face a new diagonal (i, j )(i + 1, j + 1), for 0 i 2s − 1, 0 j t − 1, is inserted. Now into each diagonal e = (2i, j )(2i + 1, j + 1), 0 i s − 1, 0 j t − 1, a new vertex u is added and it is joined with two vertices of the 4-face not incident with the diagonal e (Fig. 4) . The resulting triangulations T 1 and T 2 are polyhedral maps on the torus and the Klein bottle containing just the (7, 4, 7)-paths among subgraphs mentioned in Theorem 2.
6. The polyhedral maps with (8, 4, 8) -paths are obtained from quadrangulations R s,s and Q s,s , s 3, in such a way that into each face a new vertex u is inserted and joined with every vertex incident with . The so-obtained triangulations T 1 and T 2 are polyhedral maps on the torus and the Klein bottle, respectively.
7. In this case we construct a triangulation T of Euler characteristic 0 with arbitrarily large number of vertices satisfying the following property: the only (5; 5, 7, 7)-stars are in T among all subgraphs described in Theorem 2. Let R s,2t and Q s,2t , for s 2, t 2, be the quadrangulations of the torus and the Klein bottle, respectively. Into each face = (i, 2j )(i + 1, 2j )(i + 1, 2j + 1)(i, 2j + 1) of R s,2t a new diagonal e = (i, 2j )(i + 1, 2j + 1) and into each face = (i, 2j + 1)(i + 1, 2j )(i + 1, 2j + 2)(i, 2j + 2) of Q s,2t a diagonal f = (i, 2j + 2)(i + 1, 2j + 1), for 0 i s − 1, 0 j t − 1, are inserted (see Fig. 5 ). We add into each diagonal e of two new vertices u, v and join them with the vertices of not incident with e. The result are new triangulations T 1 , T 2 . Now from T 1 , T 2 the edge set E = {(i, j )(i + 1, j)|0 i s − 1, 0 j 2t} is deleted and into each 4-face obtained by deleting e ∈ E a new edge joining two vertices not incident with deleted edge e is added.
The so-obtained triangulations T 1 , T 2 have only vertices of degrees 5 and 7. Each 5-vertex u has the neighboursequence [5, 7, 7, 7, 7] . Thus, the triangulations T 1 and T 2 are polyhedral maps of the torus and on the Klein bottle, respectively.
8. The last construction shows a triangulation T of the torus and of the Klein bottle with arbitrarily large number of vertices which contains only the light (5; 5, 5, 8)-stars among all subgraphs mentioned in Theorem 2. We consider polyhedral maps P 1 and P 2 on the torus and on the Klein bottle constructed in Case 1 in beginning of this section. If we delete all (12,12)-edges and add into so-obtained 4-face a new edge joining non-adjacent vertices in P 1 and P 2 then we obtain new polyhedral maps T 1 and T 2 on the torus and the Klein bottle containing only vertices of degrees 5 and 8. Moreover, each 5-vertex u has the neighbour-sequence [5, 8, 5, 8, 8] .
Polyhedral maps on surfaces with
− 1
In this section we use similar ideas as in [6] . Let H be one of the toroidal triangulations P 1 , P 1 or T 1 with n 150(2g − 2) vertices, g 2, from Section 3.1. The required polyhedral map on an orientable surface S g of genus g 2 will be constructed from the toroidal triangulation H. Let and be two 3-faces of H. The distance of faces , is defined as the length of the shortest path P, where one endvertex of P belongs to and second endvertex of P belongs to .
We choose 2g − 2 triangles of H so that any two of them are at distance at least 2 (this is possible because the number of vertices is large enough). From each of these triangles D we delete the interior part so that the bounding 3-cycle of D bounds now a hole. We join repeatedly two holes of H by a handle, and g − 1 handles are added to the torus in this way. The handles are triangulated in the following way: if x 1 x 2 x 3 and y 1 y 2 y 3 are the bounding cycles of some handle which are around the handle in the same cyclic order then add the cycle x 1 y 1 x 2 y 2 x 3 y 3 . The obtained polyhedral triangulations of S g fulfil also the degree requirements from Section 3.1.
Let K be one of the triangulations P 2 , P 2 , T 2 of the Klein bottle with number of vertices n 150(q − 2), q 3, from Section 3.1. The required polyhedral map on a non-orientable surface N q of genus q 3 will be constructed from the triangulation K in the following way: we choose q − 2 triangles of K so that any two of them are at distance at least 2. Let D be one of these triangles with bounding cycle x 1 x 2 x 3 and D 1 , D 2 , D 3 the three neighbouring triangles in K with bounding cycles y 1 x 3 x 2 , y 2 x 1 x 3 and y 3 x 2 x 1 (see Fig. 6 ). In K we delete the separating edges x 1 x 2 , x 2 x 3 and x 3 x 1 . A greater face F with bounding 6-cycle C = x 1 y 3 x 2 y 1 x 3 y 2 is obtained. Into F a crosscap is placed and the edges x 1 x 2 , x 2 x 3 and x 3 x 1 are again added so that the interior of C is subdivided into three quadrangles. In these quadrangles the edges x i y i , for i = 1, 2, 3, are added (Fig. 6) . The obtained polyhedral triangulations of N q fulfil the degree requirements of Section 3.1.
